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Abstract 


In this paper, we found the Darboux vector of the spatial quaternionic 
curve according to the Frenet frame. Then, the curvature and torsion of 
the spatial quaternionic smarandache curve formed by the unit Darboux 
vector with the normal vector was calculated. Finally; these values are 
expressed depending upon the spatial quaternionic curve. 
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1 Introduction 


The quaternion was introduced by Hamilton. His initial attempt to generalis 
the complex numbers by introducing a 3-dimensional object failed in the sense 
that the algebra he constructed for these 3-dimensional objects did not have 
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the desired properties. In 1987, Bharathi and Nagaraj defined the quater- 
nionic curves in E?, E* and studied the differential geometry of space curves 
and introduced Frenet frames and formulae by using quaternions, [2]. Follow- 
ing, quaternionic inclined curves have been defined and harmonic curvatures 
studied by Karadag and Sivridag, [7]. In, Tuna and Céken have studied quater- 
nion valued functions and quaternionic inclined curves in the semi-Euclidean 
space E5, [9]. They have given the Serret-Frenet formulae for the quater- 
nionic curve in the semi-Euclidean space.Then they have defined quaternionic 
inclined curves and harmonic curvatures for the quaternionic curves in the 
semi-Euclidean space. Quaternionic rectifying curves have been studied by 
Giingor and Tosun, [5]. In [1], Ali has introduced some special Smarandache 
curves in the Euclidean space. He has studied Frenet-Serret invariants of a 
special case. In [4], Erisir and Giingér have obtained some characterizations 
of semi-real spatial quaternionic rectifying curves in IR}. Moreover, by the 
aid of these characterizations, they have investigated semi real quaternionic 
rectifying curves in semi quaternionic space. 


2 Preliminary Notes 


In this section, we give the basic elements of the theory of quaternions and 
quaternionic curves. A more complete elementary treatment of quaternions 
and quaternionic curves can be found in [2] and [6], respectively. A real quater- 
nion q is an expression of the form 


q=d+ ae, + beg + ceg (231) 


where a,b,c € IIR and e;,1 < i < 3 are quaternionic units which satisfy the 
non-commutative multiplication rules 


(2.2) 


ee = €y” = €3° = €) X €2 X €3 = —1, €1, €2, €3 E R? 
€y X €2 = €3,€2 X €3 = €1,€2 X €3 = EC}. 


The algebra of the quaternions is denoted Q by and its natural basis is given 
by {e1, €2,e3}. A real quaternion can be given by the form 


q=5,+V, (2.3) 


where S, = d is scalar part and V, = ae, + beg + cez is vector part of g. The 
Hamilton conjugate of q = S, + V, is defined by ¢ = S, — Vz. Summation 
of two quaternions q; = Sy, + Vz, and q2 = Sq + Vy. is defined as q B q2 = 
(Sq + Sa) + (Vo, + Voo). Multiplication of a quaternion qg = S,+ V, with a 
scalar A € R is identified as A\Og = AS,+AV,. These expression the symmetric 
real-valued, non-degenerate, bilinear form as follows: 
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(Noi QxQ>R an abla = 5(h X @+ 0 * &) (2.4) 


which is called the quaternion inner product. Then the norm of q is 


N(qg) = Vax G= V4 +2 +d? (2.5) 
If g = 1, then q is called unit quaternion. Let q = Sj, + Va, = di + aie1 + 
byeg + Cye3 and q2 = Sq. + Vag = dg + age, + beeg + Cge3 be two quaternions in, 
Q, then the quaternion product of q, and qo is given by 


maxX q = di dy = (a1a2 by be C1C2) (diag + ai dy + b1C2 a Cb2)e1 
+ (db, + bido + bide = ab2)e2 + + (dicg cdo abe = bya2)e3 


or 


nx Q= Sq Sa = (Vans Vig) oT Sa, Vao at SooVin of Vou /\ Von (2.6) 


where (,) and A denote the inner product and vector product in Euclidean 
3-space. g is called a spatial quaternion whenever g + g = O and called a 
temporal quaternion whenever q—g = 0. A general quaternion q can be given 
as q = $(q +q)+ S(q —q). The three-dimensional Euclidean space is identified 
with the space of spatial quaternions, [2]. 

Qu = {¢ € Q|¢+4= 0} in an obvious manner. Let J = [0,1] be an interval 
in the real line IIR and s € I be the arc-length parameter along the smooth 
curve 


3 
Y: [0, 1] = Qu, 7(s) = So nils)ei. (2.7) 
i=l 
The tangent vector y'(s) = t(s) has unit length ||t(s)|| = 1 for all s. It follows 
txt+t+(t)’ =0 


which implies t’ is orthogonal to t and t/ x t is a spatial quaternion. Let 
7: [0,1] ~ Qy be a differentiable spatial quaternions curve with arc-length 
parameter s and {t(s),71(s), n2(s)} be the Frenet frame of y at the point y(s), 
where 
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and the curve 7(s) is non unit speed curve then we say that 


) 
ni(s) = No(s) x t(s) (2.9) 
V(s) x y"(s) + u(s)u"(s) 
N(7'(s) x ¥"(s) + v(s)v"(s)) 


Let {t(s),1(s),n2(s)} be the Frenet frame of y(s). Then Frenet formula, 
curvature and the torsion are given by 


= —k(s)t(s) + r(s)no(s) (2.10) 


and 


) 
(7'(8) x 78), 7'"(8))ig (2.11) 


where t(s),1(s),2(s) are the unit tangent, the unit principal normal andthe 
unit binormal vector of a quaternionic curve, respectively ([2], [8]). The func- 
tions k, r are called the principal curvature and the torsion, respectively. These 
are 


t(s) x t(s) = my(s) x ny(s) = ne(s) xX ne(s) = —-1 
t(s) xX ni(s) = —ny(s) x t(s) = ne(s) 
ni(s) X ne(s) = —Ne(s) x n1(s) = t(s) 


No(s) x t(s) 


I 
| 
wn 
— 
H 
Na 
x 
3 
bo 
——~ 
Na 
I 
3 
= 
— 
H 
wa 


Let 7 : [0,1] > Qy be a unit speed regular curve and {t(s),1(s),n2(s)} be 
its moving Serret-Frenet frame. In this case tn1,n1nN2,tnyng— Quaternionic 
Smarandache curves can be defined by 
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1 
Bin. = ya) + ni(s)) 
1 
Oens ee, a N2(s)) 
1 
Biman tls) + ni(s) + n2(s)), (see[1], [3], [8)). 


3 An Application According to Spatial Quater- 
nionic Smarandache Curve 
y : [0,1] > Qz spatial quaternions curve, {t(s),n1(s),n2(s)} moving frame 
moves with a certain angular velocity around each axis s instantly. This axis is 
called instantaneous rotation axis of the spatial quaternionic curve. If Darboux 
axis vector in the direction indicated by D 
D=at+yn, 4+ Zn. 


From Darboux equations, t’,n,',n2’ € Qy derivative vectors 


Ut = Dxt=2zm—yn2 
nf = Dxn,=—2zt+2rn, 
nm = Dxn=yt-—x2m 


and from (2.10) z=k,y =0,xz =r. If we write these values 


D=rt+kno. (3:1) 


The norm is 


N(D)=VDx D=Vke 49°. (3.2) 


Let D is instantaneos pfaff vector of y curve. If the angle between D and n2 
is y, from Fig.1, it is obtained that 


(D, kn2)\9 Dx kno + kno x D 
COS >= = 
*° N(D)N (Ena) Dkk? +r? 


6 (D,rt)\o Dxrt+rtxD 
sin p = = 


N(D)N(rt) ark? + r2 


and 
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Figure 1: Quaternionic Darboux Vector 


k . r 
———., siny = ——_ 
k2 4+ r2 ” Vk? + r2 


If the unit vector of quaternionic darboux vector indicated by w 


cos y = (3.3) 


D 
w= —~ = sin yt + COS YN2. 


Conclusion 3.1 Let y: [0,1] — Qx be a unit speed regular curve and {t(s),n1(s), n2(s)} 
be its moving Serret-Frenet frame. For an arbitrary curve y, with curvature 

and torsion, k(s) and r(s) respectively. Darboux vector in the direction of the 

axis of the quaternionic curve D 


D=rt+kng 


and cosy = Mp)? siny = WD) including, unit Darboux vector ts 


w = sin yt + cos png. 


Let 7 : [0,1] > Qy be a unit speed regular curve and {t(s),n1(s),m2(s)} 
be its moving Serret-Frenet frame. Quaternionic nyw— Smarandache curves 


can be defined by 


1 
yan) + w(s)). (3.4) 


Now, we can investigate Serret-Frenet invariants of quaternionic nyw— Smaran- 
dache curves according to y = 7(s). Differentiating (3.4) with respect to sg, 
we get 


B(s) = 


Cae 


i = ta(s) a < [(y’ cosy — k)t + (r — y' sin y)ng| (3.5) 


where 


dsg_ V(¢' P+ N(D)? — 2y/N(D) 


ds /2 
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The tangent vector of curve @ can be written as follow 


Hiei (y’ cosy — k)t + (r —y'siny)ng 
eR NDP = 29ND) 


differentiating (3.6) with respect to s, we obtain 


(3.6) 


te’(s) as Jf2rit + Agony + A3N2) =, (3.7) 
((y’)? + N(D)? — 2g'N(D)) 


where 

A, =1r’p" cosy — ky'y" cos? y — ry'y” sin y cosy — (y')* sin y — k?(y')? sin 
—r’(y')* siny + 2k(y’)* sin y cos y + 2r(y’)? sin? y — k’(y')? — 77k! 
—2k'ky' cosy — 2k'ry' sin yy — rr'y’ cosy + k?(y’)? cos? y + r(y")? sin y cos yp 
+ky'p" + krr’ — kro" sing — y'r'k sin 

d2 = k(y’)? cos y + 3k%y' cos y + 3r7ky’ cos yp — 2k? (y')? cos? y — 4kr(y") sin y cos y 
—k?(y')? — k* — 2k?r? + 3k2ry' sin y — r2(y')* + 3r%y’ siny + r(y’)’ sin yp 
— rp? sin? y 

dg = 1'(y')? + k2r! — Qkr'y' cos yp — k*p" sing + ky'p” sin pcos yp + ry'y" sin? y 
—(y')* cos p — k?(y’)? cos p — k?(y")? cos y + 2k(y")? cos” y + 2r(y’)* sin y cos y 
—ry'p" —rkk' + rky" cosy + rk'y' cosy + kk’g' sin y — k'(y’)* sin y cos y 
—r'(p')’ sin* y 


The principal curvature and principal normal vector field of curve 6 are re- 
spectively, 


2A? + AZ + A3) 
((p')? + N(D)? — 2y'N(D))” 


(3.8) 


Kg = 


226 Stileyman Senyurt and Abdussamet Caliskan 


and 


Was Ait + A2ny + Agne ; 
i Vaz t+ AZ + A3 


On the other hand, we express bg = tg x ng. So, the binormal vector of curve 


(3.9) 


A2(y' siny — r)t + (Ai(r — y' sing) — As(y' cosy — k)) 1 
(We)? + N(D)? = 29'N(D)) (3 +3 +28) 


bp = 


A2(y’ cos y — k) ne 
(We)? + ND)? = 2y/N(D)) (3 +3 +23) 


(3.10) 


We differentiate (3.5) with respect to s in order to calculate the torsion 


(p" cosy — (y’)? sin y — k’)t + (ky' cosy + ry’ sin y — k? — r?)ny 


V2 


rok 


(r’ — yp" sin yp — (y’)? cosy) ng 


V2 


(3.11) 


and similarly 


Wy t + Wen, + W392 


V2 


‘ies = 


where 


w, = y" cosy — 3y'p" sin y — (v')*? cos yp — k" — k’y' cosy — kry’ sing + k* + kr? 


we = 2ky” cosy — 2k(y')? sin yp — 3kk' + ky" cosy + r’y' siny + 2ry" sin y 
+2(y') cosy — 3rr’ 


AL 


w3 = (kre! — 3¢"p") cosp + (rp! — yl" + (y')*) sing — kr =r? +r" 


The torsion of curve ( is 


J2(mw + W2W2 + ™3W3) 
wi+ax+o3 


73 = (3.12) 
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where 
aw, = (k(y’)? sing) cosy + (r(y’)* sing — ky’ — 2r’y') sing + k’r+r? 
m2 = (rp" — tp! — k(y')”) cose + (k’y' — r(y')? — kp") sin — rk’ + (y')? + kr’ 
w3 = (k(y’)* cosy t+ r(y’)* sin y — 2k?y! — r2y') cosy — kry' sing + k? + kr?. 


Example: Let be spatial quaternionic curve 


Cae cos = + : sin “Je aie +(- : cos = + : sin “Je 
NB RB VRB VRB 
In terms of definition, we obtain special n;w— smarandache curve according 
to Frenet frame of spatial quaternionic curve, (see Figure 3). 


Figure 2: y Spatial Quaternionic Curve Figure 3: G— Smarandache Curve 
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